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Abstract
We compute the Casimir energy of a real scalar field in the presence
of a pair of partially transparent plane mirrors, modeled by Dirac delta
potentials.
1 Introduction
The Casimir eect [1] consists in the modication of the vacuum energy of a
quantum eld due to the presence of one or more macroscopic bodies. Their
influence on the eld is usually modeled by a boundary condition. In the most
simple example of the Casimir eect, one considers a eld in the presence of a
pair of perfectly reflecting plane surfaces (mirrors). In the case of a scalar eld,
they can be replaced by Dirichlet boundary conditions, i.e, the eld vanishes at
the reflecting surfaces.
Perfectly reflecting surfaces are an idealization; any real mirror is transpar-
ent at high frequencies. It is natural, therefore, to ask how the Casimir force
between two real mirrors would be. Jaekel e Reynaud [2] presented a general
solution to the problem of partially transparent plane mirrors, by introducing
reflection and transmission coecients obeying conditions of unitarity, causality,
and transparency at high frequencies. Bordag et al. [3] investigated a specic
model for the mirrors, in which they are represented by Dirac delta potentials.
This model is revisited in the present work. Results are obtained for generic D
spatial dimensions.
2 Casimir energy












We work in a (D + 1)-dimensional Euclidean space-time with coordinates x =
(τ,x), where x = (r, z) and r = (x1, . . . , xD−1); we also employ the natural
system of units, h = c = 1. The scalar potential V (z) is composed of a pair of
one-dimensional δ-functions with support at z = 0 and z = `:
V (z) = λ [δ(z) + δ(z − `)] . (2)
This potential models two partially transparent plane mirrors separated by the
distance `.






F (τ, τ 0), (3)
where F (τ, τ 0) is dened as
F (τ, τ 0) 
Z
dDxG(τ,x; τ 0,x). (4)
The Green’s function G, by its turn, can be obtained by solving the partial
dierential equation
−∂2 + m2 + V (z)G(x, x0) = δ(D+1)(x− x0). (5)
Fourier transforming Eq. (5) in τ and r reduces it to an ordinary dierential
equation for G, the Fourier transform of G:











0) G(ω,k; z, z0). (7)
As a preliminary step to solve Eq. (6), let us rst solve it in the absence of
the external potential V , i.e.,
−∂2z + ω2 + k2 + m2G0(ω,k; z, z0) = δ(z − z0). (8)
Using the method of Fourier transforms one obtains













where σ  pω2 + k2 + m2. Using the results of Appendix B, one then obtains
the following expression for G in terms of G0:
G(z, z0) = G0(z, z0)−
2X
j,k=1
G0(z, zj) (M−1)jk G0(zk, z0), (10)
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λ + G0(0, 0) G0(0, `)



















Now we have all the ingredients to compute the Casimir energy. In order to
obtain a nite result, however, we must subtract (i) the energy of the vacuum
in the absence of the mirrors and (ii) the self-energy of each mirror. These
quantities are formally innite, but, since they do not depend on the distance
between the mirrors, they do not contribute to the Casimir force. Thus the




























ω2 Gsub(ω,k; z, z), (12)
where LD−1 is the area of each plate and Gsub = (G −G0)−2 (G1−G0) (the rst
subtraction removes the energy of the vacuum in the absence of the mirrors, and
the second one removes the self-energy of the mirrors; G1 denotes the Fourier
transform of the Green’s function when only one mirror is present). The multiple
integral in (12) can be reduced to a single one; the nal result is




















2 − e−2si . (14)
It agrees with Bordag et al.’s result for D = 3 (the only case they considered).
Let us examine in more detail the massless case (m = 0), in which the
Casimir force is long-ranged. In the limit λ!1 one obtains
I(0, λ`)  Γ(D + 1)
2D+1
ζ(D + 1) + O(1/λ`); (15)
combined with the pre-factor in (13), this yields the well-known expression [1]
for the Casimir energy of a massless scalar eld in the presence of two ideal (i.e.,











Figs. 1 and 2 depict the ratio R  Eλ(`)/E1(`) as a function of the parame-
ter x  λ` in the massless case for D = 1, 2, 3. One notices that Eλ(`) is always
smaller, in absolute value, than E1(`); in particular, the ratio of the former to
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Figure 1: R  Eλ(`)/E1(`) vs. x  λ` in the massless case for D = 1 (long-
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Figure 2: Zoom of Fig. 1 near the origin.
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Appendix A
Here I prove the identity (3). The formal solution to Eq. (5) reads












where ϕn(x) and ωn satisfy
(−r2 + m2 + V )ϕn(x) = ω2n ϕn(x), (A2)Z
dDxϕn(x)ϕn(x) = 1. (A3)
Inserting (A1) into (4), and using the normalization condition (A3), one obtains
































−∂2x + σ2 + V (x) G(x, x0) = δ(x− x0) (B1)
can be reexpressed as an integral equation | the Lippmann-Schwinger equation:
G(x, x0) = G0(x, x0)−
Z
dy G0(x, y)V (y)G(y, x0), (B2)
where G0(x, x0) satises
−∂2x + σ2G0(x, x0) = δ(x− x0). (B3)
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If V (x) = λ δ(x−x0), the integral in Eq. (B2) can be performed trivially, yielding
G(x, x0) = G0(x, x0)− λG0(x, x0)G(x0, x0), (B4)
Setting x = x0 in Eq. (B4), solving for G(x0, x0), and inserting the result back
into (B4) one nally obtains [4]
G(x, x0) = G0(x, x0)− G0(x, x0)G0(x0, x
0)
1
λ + G0(x0, x0)
. (B5)




λj δ(x− xj), (B6)
the solution to Eq. (B1) is given by
G(x, x0) = G0(x, x0)−
NX
j,k=1
G0(x, xj) (M−1)jk G0(xk, x0), (B7)
where M is the N N matrix whose elements are given by
Mjk = 1
λj
δjk + G0(xj , xk). (B8)
References
[1] G. Plunien, B. Muller, and W. Greiner, Phys. Rep. 134, 87 (1986); V.
M. Mostepanenko and N. N. Trunov, Sov. Phys. Usp. 31, 965 (1988); M.
Bordag, U. Mohideen, and V. M. Mostepanenko, Phys. Rep. 353, 1 (2001)
[quant-ph/0106045].
[2] M. T. Jaekel and S. Reynaud, Journal de Physique I 1, 1395 (1991) [quant-
ph/0101067].
[3] M. Bordag, D. Hennig, and D. Robaschik, J. Phys. A: Math. Gen. 25, 4483
(1992).
[4] Alternative derivations of this result can be found in S. Albeverio, F.
Gesztesy, R. Hegh-Krohn, and H. Holden, Solvable Models in Quantum
Mechanics (Springer-Verlag, New York, 1988); C. Grosche, J. Phys. A:
Math. Gen. 23, 5205 (1990); Annalen Phys. 2, 557 (1993) [hep-th/9302055];
D. Hennig and D. Robaschik, Phys. Lett. 151A, 209 (1990).
6
